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ABSTRACT

The talk is devoted to application of the Riemann-Hilbert and ℝ-linear problems for a multiply connected 

domain [VM 1996-2000] to the effective properties of 2D random composites [VM 2001-2021]. 

Various analytic formulas for random composites were deduced by means of self-consistent methods 

(effective medium approximation etc.) In many cases, a formula was derived having used physical 

arguments and manipulations with the further declaration without necessary analysis that this formula is 

universal or valid at least for a wide class of composites. It is demonstrated that self-consistent methods 

leads at most to the old formulas for a dilute composites. Hence, misleading self-consistent approaches 

should be discarded, and exact and approximate analytical formulas for the ℝ-linear problem have to be 

applied.
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Why did James Bond prefer shaken, 

not stirred martini with ice? 
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2D STATIONARY PROBLEM

The present talk concerns 2D stationary conductivity problems for disks.  The unknown functions 

are analytic in the considered domains and Hölder continuous in their closures.

Microstructure of TiC–FeCr composite 



RIEMANN-HILBERT AND ℝ-LINEAR PROBLEMS

Z = a W + b W + c    ℝ-linear relation between Z and W

The Riemann-Hilbert (RH) problem is a particular case of the ℝ-linear 

problem when |𝑎(𝑡)| = |𝑏(𝑡)| (I. Sabitov 1959/60, not published):
multiply connected domain

simply connected domain

In the case of multiply connected domain 𝐷+ = ∪𝑘=1
𝑛 𝐷𝑘. 
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RIEMANN-HILBERT AND ℝ-LINEAR PROBLEMS

Scheme of solution: 

i) to reduce the problem to a multiply connected circular domain by a conformal

mapping;

ii) to apply the standard method of factorization to reduce to the blocks of problems

iii)   to reduce the RH with constant coefficients to the ℝ-linear problem;  

iv)   to reduce the ℝ-linear problem to functional equations;  

Re 𝜆𝑘𝜙 𝑡 = g𝑘 𝑡 (𝑘 = 1,2, … , 𝑛) ⇔ 𝜙 𝑡 = 𝜆𝑘𝜙𝑘 𝑡 − 𝜆𝑘𝜙𝑘 𝑡 + 𝜆𝑘g𝑘 𝑡 ⇔

The RH problem has been discussed in the classical books [Gakhov, Muskhelishvili, Vekua]. One can find the solution of 

RH problem in closed form for simple (n = 1), double connected domains [n = 2, see Bancuri] and in other special cases.

Complete solution of the scalar problem RH problem was obtained in analytic form (VM 1996, 1998 with an extended

presentation VM 2012). 

v)    to solve the functional equations in terms of the Poincaré series.

𝜆𝑘𝜙𝑘 𝑡 − 𝜙 𝑡 = 𝜆𝑘𝜙𝑘 𝑡 − 𝜆𝑘g𝑘 𝑡 ⇔ 𝜙𝑘 𝑧 =
𝜆𝑘𝜆𝑚

2𝜋 𝑖
σ𝑚=1
𝑛 𝐿𝑚

𝜙𝑚 𝑡

𝑡−𝑧
𝑑𝑡 + 𝑓 𝑧 , 𝑧 ∈ 𝐷𝑘

Sochotski’s formulas



POISSON FORMULA

Consider the exterior of the unit disk | z | > 1 in the complex plane. Let z = r ei θ

The function

solves the Dirichlet problem for the unit disk

Extension to the multiply connected domains (VM 1996, 1998):



COMPLEX GREEN'S FUNCTION

Complex Green's function is represented in the form

𝑀 𝑧, 𝜁 = 𝑀0 𝑧, 𝜁 + σ𝑚=1
𝑛 αm(ζ) ln(𝜁 − 𝑎m)- ln(ζ - z) +𝐴(𝜁),

where𝑀0 𝑧, 𝜁 is a single-valued analytic function of z in D (for any fixed ζ), 𝑀0 𝑤, 𝜁 = 0; 

αm(ζ), 𝐴(𝜁) are unknown. The boundary value problem for 𝑀0 𝑧, 𝜁 :

𝑅𝑒[ 𝑀0 𝑧, 𝜁 + σ𝑚=1
𝑛 αm(ζ) ln(𝜁 − 𝑎m)- ln(ζ - z) +𝐴 𝜁 ] = 0, |z - ak| = rk, 𝑘 = 1,2, … , 𝑛.

It is reduced to the system of functional equations

)𝜙𝑘(𝑧 = −
𝑚≠𝑘

𝜙𝑚 𝑧∗ 𝑚 − 𝜙𝑚 𝑤∗
𝑚 − )𝑓( 𝑧 , |z - ak| ≤ rk, 𝑘 = 1,2, … , 𝑛.

where 𝑧∗ 𝑚 =
𝑟𝑚
2

𝑧−𝑎𝑚
_ + 𝑎𝑚 is the inversion with respect to the circle |t - am| = rm.

The composition of two inversions generate a Möbius transformation

𝛾𝑗 𝑧 =
𝑎
𝑗
𝑧+ 𝑏

𝑗

𝑐
𝑗
𝑧+ 𝑑

𝑗

= (𝑧∗
𝑚
)∗

𝑘



COMPLEX GREEN'S FUNCTION

Application of successive approximations to the functional equations yields

the uniformly convergent series

)𝑀0(𝑧, 𝜁 = 

𝑚=1

𝑛

(αm(ζ) ln ෑ

𝑗=1,𝑗≠𝑚

∞

൯𝜓𝑚
𝑗
(𝑧) + lnෑ

𝑗=1

∞

)ωj(𝑧 ,

consists of even order inversions (the classic Schottky group),

of odd order inversions



SCHWARZ'S OPERATOR

Theorem (Schwarz's operator for a circular multiply connected domain) 

The RH problem

Re 𝜙 𝑡 = 𝑓 𝑡 ,      |t - ak| = rk (𝑘 = 1,2, … , 𝑛)

with single-valued 𝜙 𝑧 in D is solvable if and only if a system of n linear algebraic 

equations (Bojarskij’s system 1958) is solvable. 𝜙 𝑧 can be written explicitly in

terms of uniformly convergent series

Bojarskij’s system: 



POINCARÉ SERIES

Let 𝐻(𝑧) be a meromorphic function. The Poincaré series is associated with the group of 

inversions with respect to |𝑡 − 𝑎𝑘| = 𝑟𝑘

H. Poincaré (1883) proved the absolute convergence of 𝜃4(𝑧) and just said

„Toujours dans le cas d’un groupe fuchsien, la serié

σ𝑚𝑜𝑑(𝑐𝑗𝑧 + 𝑑𝑗)
−2

n’est par convergent ”.

W. Burnside (1891) gave examples of convergent series for Schottky groups and studied their absolute

convergence under some geometrical restrictions. In his study Burnside followed Poincaré’s proof of

the convergence of the 𝜃4-series.

Burnside wrote „I have endeavoured to show that, in the case of the first class of groups, this series is

convergent, but at present I have not obtained a general proof. I shall offer two partial proofs of

convergency; one of which applies only to the case of Fuchsian groups, and for that case in general,

while the other will also apply to Kleinian groups, but only when certain relations of inequality are

satisfied."



POINCARÉ SERIES

However, Myrberg (1916) gave an example of absolutely divergent series for a 64-connected domain.

Beginning from Myrberg many mathematicians justified the absolute convergence of the Poincaré series

under geometrical restrictions to the locations of the circles. Here, we present such a typical restriction

expressed in terms of the separated parameter ∆ introduced by Henrici

Theorem (VM 1998).The Poincaré θ2-series for any classical Schottky group

converges uniformly in every compact subset of D/{limit  points of }.

Akaza (1964-1984) described domains of absolute convergence.

But the story had been finished by the following

The RH problem for an arbitrary circular multiply connected domain is solved

in terms of the Poincaré θ2-series and by its modifications.

The main reason of failure up to 1998: specialists in

Complex analysis like too much the infinite point.



APPLICATIONS TO OTHER PROBLEMS FOR 

A MULTIPLY CONNECTED DOMAIN
Bergman kernel (Moonja Jeong & VM, 2007), 

Schottky-Klein prime function (VM 1998, 2012), 

Jacobi inversion problem (VM 2012), 

Schwarz-Christoffel integral (VM 2011-2012)

angle

vertex



ℝ - LINEAR PROBLEM FOR A MULTIPLY

CONNECTED DOMAIN

ℝ-linear problem Contrast parameter Complex flux



RIEMAN-HILBERT AND ℝ -LINEAR PROBLEMS

FOR DOUBLY PERIODIC DOMAIN (TORUS)

Efective conductivity tensor



RIEMAN-HILBERT AND ℝ -LINEAR PROBLEMS

FOR DOUBLY PERIODIC DOMAIN (TORUS)

Let Em(z) denote the Eisenstein function.

Introduce the structural sums

For macroscopically isotropic composites e2 = p

S2 =

General structural sum



DECOMPOSITION SERIES FOR THE EFFECTIVE CONDUCTIVITY  

(PHYSICAL CONSTANTS, GEOMETRY, CONCENTRATION):



Percolation. Resummation techniques, 

S. Gluzman, VM, W. Nawalaniec (2014)

The main idea consists in the asymptotic study of the function:

𝑓 𝑥 = (𝑥 − xc)
-s 𝑔(𝑥),

where s is unknown and xc is known. We have

ln 𝑓 𝑥 = −𝑠 ln 𝑥 − xc + ln 𝑔 𝑥 ⟺

Remark. It is related to the Padé approximations which reveals the critical concentration xc.



Hexagonal array for 𝜌 = 1 (perfect conductor)

Here, v = 𝜋 𝑟2 denotes the concentration of disks per unit cell



Non-overlapping uniform distribution

Random walks by 1000 Monte Carlo computational experiments



CRITICAL POWER



SELF CONSISTENT METHODS ETC. 

+𝑂 |𝜌𝜈|3 =
1 + 𝜌𝜈

1 − 𝜌𝜈
+ 𝑂 |𝜌𝜈|3

Theorem (VM & Rylko, 2013)

Clausius (1879)–Mossotti (1850) or Maxwell (1873) approximation



SELF CONSISTENT METHODS ETC. 

Clausius (1879)–Mossotti (1850) or Maxwell (1873) approximation

+𝑂 |𝜌𝜈|3 =
1 + 𝜌𝜈

1 − 𝜌𝜈
+ 𝑂 |𝜌𝜈|3

Theorem (VM & Rylko, 2013)

There is a lot of formulas for the effective conductivity called models. See, for instance, 

Bruggeman (1935), Mori, Tanaka (1973) (more than 8000 citations) and reviews Karol Pietrak, 

Wisniewski (2015); Sevostianov, Mogilevskaya, Kushch (2019) based on the misleading 

methodology and including wrong formulas.



SELF CONSISTENT METHODS ETC. 

+𝑂 |𝜌𝜈|3 =
1 + 𝜌𝜈

1 − 𝜌𝜈
+ 𝑂 |𝜌𝜈|3

Where is the sleight of hand in these publications? In violation of asymptotic analysis rules.

Theorem (VM & Rylko, 2013)

There is a lot of formulas for the effective conductivity called models. See, for instance, 

Bruggeman (1935), Mori, Tanaka (1973) (more than 8000 citations) and reviews Karol Pietrak, 

Wisniewski (2015); Sevostianov, Mogilevskaya, Kushch (2019) based on the misleading 

methodology and including wrong formulas.

Clausius (1879)–Mossotti (1850) or Maxwell (1873) approximation



MUCH ADO ABOUT NOTHING

EXPOSING TRICKS

How to get a „new model”. Example exposing tricks:

1+𝑥

1−𝑥
≈

1+𝑥

1−𝑥+𝛼𝑥+𝛽𝑥2
=

1+𝑥

1−𝑥−0.3𝑥+0.01𝑥2
=

1+𝑥

1−1.3𝑥+0.01𝑥2
,   where 𝛼𝑥 + 𝛽𝑥2 is „something engineering”

Conclusion. 

Only the Riemann-Hilbert problem with proper asymptotic analysis 

can save the engineering world. 



Thank you for your attention 


